Predicting the fatigue performance of composites has proven to be a challenge both conceptually, due to the inherent complexity of the phenomenon, and practically, because of the resource-intensive process of fatigue testing. Moreover, mechanical behaviour of polymer matrix composites exhibits a complicated temperature dependence, making the prediction of fatigue performance under different temperatures even more complex and resource intensive. The objective of this paper is to provide a method for the prediction of fatigue life of glass-polymer composites loaded in the fibre direction at various temperatures with minimal experimental efforts. This is achieved by using a static strength degradation approach to fatigue modelling, where only two parameters (including static strength) are temperature dependent, in conjunction with relationships for these two fatigue model parameters temperature dependence. The method relies on fatigue data at a single temperature and simple static tests at different temperatures to predict the effects of temperature on the material's fatigue behaviour. The model is validated on experimental data for two unidirectional and one woven glass-epoxy composites and is found to accurately predict the effect of temperature on fatigue life of composites. A method to obtain probabilistic stress-life P À S À N ð Þfatigue diagrams including temperature effects is also presented.
Introduction
Temperature effects on the fatigue performance of composite materials have been the subject of extensive research in the past decades. Yet, it appears that a definitive approach to modelling such temperature effects on material properties and durability is still not reached. This is certainly due to the fact that composites present themselves in a wide variety of reinforcement forms and constituent natures, while being used in a broadening range of structures subject to a wide range of external solicitations and environments. A universal model for fatigue thus has to reconcile the opposite requirements of accounting for an overwhelmingly large number of situations, yet remaining tractable and requiring a minimum of experimental efforts in order to establish the values of its input parameters.
Apart from all aspects of mechanical loading (e.g. load frequency, maximum stress, mean stress, stress amplitude, load sequence, etc.), thermal loading is probably one of the most important factors in determining fatigue life of composite structures. However, most of the literature is focused on the effects of high temperatures on fatigue and very little information is available on the behaviour of composites at low atmospheric temperatures, or even cryogenic temperatures.
Yet, as understanding the effects of temperature on the fatigue performance of composites is an important topic for many industries (e.g. civil infrastructure, transports, wind energy), multiple modelling approaches have been explored. Some of these, mostly those dealing with the widest possible temperature ranges, are discussed below.
Early work by Sims and Gladman 1 focused on the R ¼ 0.1 fatigue of woven glass-epoxy composite loaded in the fibre direction for temperatures ranging from À150
C to 150 C. Their results suggested that the stress-life (S-N) curves at different temperatures were superimposed when the maximum cyclic stress ( max ) was normalized by the static strength (S u ) at the same temperature. Similar conclusions were also reached by Bureau and Denault 2 for bending fatigue of glasspolyester between À40
C and 50 C, although it was not the case for glass-polypropylene under the same conditions. Bureau and Denault associated this result to the thermomechanical stability (e.g. lack of a structural transition such as vitrification, melting or low temperature transitions) of polyester within the experimental temperature range. However, even for thermosetting matrix composites, such a simple behaviour is not always borne out by experiment. For example, R ¼ 0.1 fatigue results by Brassard 3 for unidirectional (UD) glass-epoxy at À40
C and 20 C show a statistically significant downward shift of the normalized fatigue curve at low temperature and normalized fatigue curves at À40 C and 23 C for AE45 glass-epoxy at R ¼ 0.1 obtained by Cormier et al. 4 show a statistically significant change in slope parameter with temperature.
Since Arrhenius type relationships have historically been successful in modelling the effect of temperature on chemical reactions and physical processes, it seems natural that it was applied to fatigue of composites. As such, Tang et al. 5 proposed an Arrhenius type relationship to be combined with their stiffness degradation model in order to predict effects of temperature on salt water saturated glass-vinylester cross-ply laminates. In practice, the model assumes that the slope parameter of the fatigue model follows an Arrhenius type behaviour. However, even though the model was in relatively good agreement with experiments run at 4 C, 30 C and 65 C, the Arrhenius relationship is an empirical model that is fitted a posteriori. Thus, obtaining model parameters requires experimental fatigue data at multiple temperatures.
Rotem and Nelson 6 have proposed an approach for shifting fatigue curves to account for the effect of temperature. They used a combination of two shift factors respectively applying to S u (or an artificial static strength given as the fatigue curve intercept with the stress axis) and to the slope of a log-linear S-N curve. In general, the shift factors would need to be determined by experiments. However, for graphiteepoxy laminates with a fibre volume fraction v f = 65%, it is suggested that the slope factor would be unity if the artificial static strength was used instead of the actual S u . For such a case, an empirical correlation between the artificial static strength shift factor and temperature was proposed. It is important to note that log-linear fatigue curves seldom fit well in both the low-cycle and high-cycle fatigue regime. In Rotem and Nelson's work, the curve was explicitly fitted to the high cycle regime.
Mivehchi and Varvani-Farahani 7 approached the problem of temperature effects on fatigue by changing the parameters of the classical power-law used to describe fatigue (log-log linear S-N curve) with temperature. However, even though it is documented that the best fit power-law seldom converges to S u (see e.g. Sutherland 8 ), the assumption that it does is used in determining one of the parameters. This results in evident bias in many of the resulting predictions. Also, the model S u 's dependence on temperature is a strictly decreasing function, as opposed to the usual sigmoid behaviour. Finally, even though the model was benchmarked on thermoset polymers, it uses the polymer's melt temperature as an input. This requirement seems incompatible with such a use given that a thermoset matrix is chemically degraded before melting.
Miyano et al. [9] [10] [11] proposed an elaborated model for predicting the influence of temperature on the longterm life (creep and fatigue) of carbon-fibre composites. This model relies on a master curve approach based on experimental static, fatigue and creep results. It benefits from a broad range of applicability by being able to deal with the viscoelastic nature of carbon fibre laminates and by being able to deal with failure probabilities. However, it requires extensive material characterization in order to obtain model parameters.
Reifsnider et al. have also devised a thorough method, called the 'Critical Element Model'. This approach was developed over a period of more than 20 years, but has been synthesized by Reifsnider et al. 12 The model is able to deal with the problem of fatigue at various temperatures as well as many other damage mechanisms such as creep and thermo-oxidation. The approach is based on kinetic theory and point-wise definition of stress and strength and appears to have the capacity to accurately model the evolution of strength and is possibly the closest we have been to a global solution to failure of composites under fatigue and other loading. However, it is achieved at the expense of an extremely detailed knowledge of material's properties and of their evolution (as well as the evolution of the stress-field) over time. Unfortunately, such detailed knowledge can only be gained through extensive experimental investigations.
Finally, the strength degradation model by Epaarachchi and Clausen 13 has provisions for dealing with temperature effects. However, the formulation of a function for modelling such effects was not provided and the special case of a constant parameter was developed in their paper.
An important aspect of the strength and stiffness of composites under combined thermal and mechanical loads is the time dependence of the mechanical response. This in turns means that temperature and fatigue loading rates or frequency are possibly strongly interconnected and that creep-fatigue interactions are also likely.
Research on frequency effects mainly supports the idea that if the temperature remains constant, an higher frequency leads to longer life. [14] [15] [16] However, since fibre-reinforced polymers are often poor heat conductor, hysteretic heating can occur at relatively low frequencies (well below 10 Hz). [17] [18] [19] Sun and Chan 17 proposed a model based on crack propagation in viscoelastic media to predict frequency effects on fatigue life, including the effect of temperature rise. In this context, Saff 18 and Hahn and Kim 20 proposed models for estimating the temperature rise from hysteretic heating based on viscoelasticity and heat transfer equations.
Creep-fatigue interaction is another effect of the time dependence of mechanical response in polymers and their composites. Crowther et al. 21 have shown that for certain materials, at low frequency, the fatigue process is dominated by creep and failure is time rather than cycle dependent. However, at higher frequency, fatigue becomes cycle dominated. This behaviour was corroborated by results from Eftekhari and Fatemi. 16, 22 The accumulation of fatigue induced creep strains was also reported by Kujawski and Eyllin 23 for ½AE45 5s glass-epoxy composites at room temperature. Evidence of viscoelastic behaviour was also reported in Cormier et al. 4 for ½AE45 2s glass-epoxy at À40 C. It is worth noting that fatigue models by Miyano et al. [9] [10] [11] and Reifsnider et al. 12 are meant to account for viscoelastic effects, while the model by Epaarachchi and Clausen 13 includes the effect of frequency under the assumption of negligible hysteretic heating. However, Guedes 24 has suggested that the linear cumulative law employed by Myiano may not fare well for complex fatigue loads or long lifetimes. An alternative model based on the work of Reifsnider's 12 strength evolution integral concept is also shown to provide better life predictions when accounting for viscoelastic effects at low stresses (long fatigue life). Also, Eftekhari and Fatemi 16, 22 used Epaarachchi and Clausen's 13 fatigue model in conjunction with a Larson-Miller type relationship to adequately model the effects of high temperature and high frequencies on neat, talc filled and short glass fibre-reinforced thermoplastics.
The state of the art just presented puts forward the main limitation of current methods for assessing effects of temperature on fatigue: a requirement for extensive fatigue and viscoelastic testing. An explicit objective of the work described here is to provide a methodology that minimizes the experimental burden required to obtain model parameters. The proposed method builds on Epaarachchi and Clausen's fatigue model and extends its abilities to the prediction of probabilistic tensile fatigue curves of glass fibre-epoxy composites loaded along the fibre direction at any temperature. The proposed approach lies on the following assumptions:
. Only S u and one material parameter from the fatigue model are affected by temperature (T). . A relationship between S u and that material parameter exists. . The evolution of S u as a function of T can be modelled by a sigmoid function. . Creep-fatigue interactions are negligible in the fibre direction.
This last assumption is perhaps the most important and warrants some additional discussion. It relies on Saff's work, 18 which suggests that viscoelastic effects in fatigue mainly depend on matrix shear stresses. Considering that in the case of tensile loads applied in the fibre direction, this matrix shear stress is minimized, it is plausible that the effect of viscoelasticity will also be minimized. This idea is further supported by the results of Sullivan 25 and those of Brinson and Gates, 26 that show creep to be mostly negligible in the fibre direction.
Together, these four assumptions allow for the prediction of fatigue curves at any temperature within a single structural transition (e.g. glass transition) provided that S u is known for at least four temperatures and that fatigue results are available at one temperature.
Model description
As documented by Sendeckyj, 27 Degrieck and Van Paepegem 28 or Nijssen, 29 many formulations have been proposed to describe the S-N relationship of composites. The current work is based on a model by Epaarachchi and Clausen, 13 which is presented in equations (1) and (2) . This two-parameter model relies on a strength degradation rule that describes the evolution of strength with cyclic loading and agrees with the two intuitive boundary conditions of N ¼ 1 at max ¼ S u and N ¼ 1 at max ¼ 0.
In equations (1) and (2), and are material parameters, max is the maximum cyclic stress, f is the loading frequency, is the smallest angle between the fibre direction and the loading axis and is defined as:
Epaarachchi and Clausen stated that only and S u should be functions of temperature, but did not provide relationships for ðTÞ or S u ðTÞ. A goal of the current work is thus to provide such relationships. However, because of the temperature-sensitive creep-fatigue interactions present in off-axis composites 4,23,30 -which are not accounted for in the current modelling approach -the analysis is limited to tensile fatigue along the materials main fibre orientation. Therefore, equation (2) simplifies to
Then, it is seen that for a given set of f, S u , max and R, the relationship between max and N only depends on and . A S-N curve can be obtained by plotting equation (4) over max .
Note that according to Epaarachchi and Clausen, for a given material will differ for tests run at different temperatures. However, the model assumes that a single , pair, ideally obtained at R ¼ 0.1, is required for À1 5 R 5 1.
Thus, two requirements are identified for equation (4) to provide a complete description of the S-N relationship as a function of temperature. First, as S u is an important model parameter and is affected by temperature, a methodology for providing a continuous description of S u ðTÞ is needed. Second, another continuous relationship for ðTÞ is required. The proposed forms for these two relationships are discussed next.
S u T ð Þ relationship
Several approaches for predicting temperature effects on S u were proposed in the past, mainly to account for the influence of high temperatures. Possibly the best known is Chamis's 31 empirical relationship for estimating matrix properties as a function of temperature and absorbed moisture. Used in conjunction with micromechanics models, it can provide estimates of the effect of temperature on the mechanical properties of composites. However, as stated by Christensen, 32 common micromechanical models such as the rules of mixtures are limited in precision. Experimental evidences by Cormier and Joncas 33 also suggest that this formulation does not accurately predict S u at low temperature for UD glass-epoxy composites.
Mahieux et al. 34 demonstrated the ability of an earlier micromechanics model to predict the temperature effects based on matrix properties and stress concentration around broken fibres. However, assumptions on stress transfer efficiency at the interface, fibre arrangement and load redistributions are required and the associated parameters are not easily obtained.
Cao et al. 35 suggested that for high temperatures, a modified hyperbolic tangent gave a good description of the change in ultimate strength for carbon-reinforced polymer composites. However, such a formulation suggests that the strength at low temperatures would be the same as that at room temperature, which is contrary to experimental evidence for glass-epoxy. 1, 33, [36] [37] [38] Kawai et al. 39 also used a scaled hyperbolic tangent for describing the tensile and compressive strength evolution as a function of temperature for their constant life diagram (CLD) formulation. In this specific formulation, the hyperbolic tangent was scaled so that it would present a strength plateau either at low or at high temperature. However, as the function is symmetric, it cannot simultaneously predict both the high and low temperature behaviour. It is therefore limited to relatively narrow temperature ranges.
As far as the authors know, few formulations have explicitly been proposed for estimation of tensile strength at low temperatures apart from the micromechanics model from Dutta. 40 However, as noted in the original article, predicted and measured strengths differ by an order of magnitude. The model is also not expected to work at high temperatures because of the underlying assumption that compressive stresses due to matrix shrinkage promote fibre buckling.
Mahieux and Reifsnider 41 proposed a model based on the Weibull distribution survival function (SF) to describe the evolution of polymer modulus with temperature. The model is based on the assumption that this SF can describe the failure of secondary molecular bonds governing the polymer's stiffness. Although it was originally limited to describe the evolution of polymer stiffness as a function of temperature, Correia et al. 42 showed that the formulation also provides a relatively good fit on data for strength of composites as a function of temperature. However, Gibson et al.
exhibit an excessively strong curvature in the low temperature region to accurately describe the actual strength or modulus behaviour.
Correia et al. 42 proposed an alternative to Mahieux and Reifsnider's model based on the Gompertz cumulative distribution function (CDF, with CDF ¼ 1 À SF). However, since the Gompertz CDF has an even more abrupt initial transition than Weibull's SF, the problem noted by Gibson et al. 43 is not improved on. Moreover, since it uses the CDF, the physical explanations of Mahieux and Reifsnider are not applicable.
On the other hand, the SF of the Gompertz distribution 44, 45 provides a more gradual initial transition and, as an SF, is in agreement with Mahieux and Reifsnider's hypothesis. A new formulation of S u ðTÞ based on the SF of the Gompertz distribution is thus proposed (equation (5)) in an effort to improve on Mahieux and Reifsnider's concept.
Gompertz's SF is a monotonically decreasing function asymptotic to one and zero. However, a lower bound at S u ¼ 0 is not appropriate in the presence of fibres which will allow for some residual strength even for T ) T g . 35 Similarly, it is possible that low temperature strength exceeds the strength at room temperature. Thence, the Gompertz SF needs to be scaled and shifted. The scaling is done through the addition of parameter A that multiplies the SF while the upwards shift is simply obtained by adding a constant S Ã u , the lower strength asymptote (remaining strength fraction at T ) Â).
In equation (5), S u =S u, 0 is the ratio of S u at a given temperature T to S u, 0 , the static strength at T 0 , A is a global scaling parameter controlling the upper asymptote, is the distribution shape parameter (an indicator of the structural transition temperature Â), is the distribution scale parameter representative of the material temperature sensitivity. The model also relies on a normalized temperature T n , defined as
in which T 0 is the reference temperature and Â is the structural transition temperature. Note that T 0 could be any temperature, but for a matter of convenience it will in most cases be the standard laboratory temperature. The definition of T n is based on two considerations. First, Â should be representative of the structural transition temperature being considered (e.g. T g ) so that the inflection point of equation (5) lies close to Â. Second, the condition that
must be met. Based on this last condition, it is easily shown that
Thus, only three independent parameters (, and S Ã u ) remain. These parameters are obtained by fitting the model to S u measurements at different temperatures over the range of interest and preferably spanning on each side of Â.
Note that T n is an inverse indicator of T when Â 4 T 0 , meaning that T n 5 0 for T 4 Â and vice versa. As this is likely to be the most common case (i.e. for analysis at Â % T g ), an explicit negative sign for the parameter is used in equations (5) and (7), ensuring that the Gompertz SF is an increasing function of T n . However, when dealing with low temperature fatigue, it might become more practical to set a value of Â 5 T 0 allowing for reference experiments to be run at a temperature as close to ambient as possible despite the fact that Â might be much lower. In such a case, the negative sign before in equations (5) and (7) would be omitted.
It is also worth noting that this formulation is limited to materials that exhibit a single structural transition around Â. As an example, assuming that the region of interest is around Â ¼ T g , equation (5) cannot account for the additional relaxations at the melting temperature of thermoplastic resins, at the decomposition of thermosetting polymers or for the low temperature or -transition of some matrices like those found by Sims and Gladman, 1 Adams and Singh 46 or Robert and Benmokrane. 47 However, even though equation (5) cannot continuously describe multiple transitions, separate application of the formula to each region is possible.
ðTÞ relationship
Based on the results from two experimental investigations on the topic of temperature effects on fatigue life of UD glass-epoxy composites -the European Upwind 36, 37 project and the Canadian Wind Energy Strategic Network (WESNet) 3, 33 -it has been determined that there is a correlation between the effects of temperature on S u and . This correlation obeys equation (8) and is shown in Figure 1 .
It is believed that the empirical relationship of equation (8) should remain valid as long as the following conditions are met. First, the specimen is not subject to excessive internal heat generation due to hysteresis. Second, the failure modes for static and fatigue are and remain the same despite the temperature change. Third, the temperature change does not result in mechanical or chemical deterioration of the constituents due to internal stresses or thermo-oxidation.
Because of these requirements, it is desirable that quasi-static strength data are available beyond the temperature range of interest to ascertain the fact that a single transition is observed. In the case of multiple transitions, a full description of the material behaviour can still be obtained at the expense of fatigue tests at one temperature within each transition.
Materials and methods
The model predictions are compared to experimental results from four sources. The first two sources are recent and independent research programmes including quasi-static and fatigue test campaigns on UD glassepoxy composites at different temperatures: the European Upwind 36, 37 project and the Canadian WESNet programme. 3, 33 The third source is an older data set by Sims and Gladman. 1 The last is Cao et al.'s. 35 The static relationship of equation (5) is validated on Upwind's, Sims and Gladman's and Cao et al.'s datasets. Fatigue predictions are compared to results from Upwind, WESNet and Sims and Gladman. These results are used because they cover a wide temperature range above and below ambient and include a variety of glass-fibre fabric types.
The data set by Sims and Gladman includes quasistatic and R ¼ 0.1 fatigue data for 3.2 mm thick hot-pressed fine weave glass-epoxy laminates of v f ¼ 0:45. Tests were all performed along the main roving of the laminate. Quasi-static and cyclic tests were all performed under load control at a stress rate of 1250 MPa s -1 . Tests were performed at temperatures of À150
C to 150 C. However, as thermo-oxidation of the matrix was reported at 150
C, results at that temperature will not be considered here. It is also worth noting that Sims and Gladman only provide average fatigue lives at each load level and do not give information about the fatigue results dispersion. However, a 3% coefficient of variation is reported on S u at all temperatures.
Cao et al. 35 provide S u data at temperatures ranging from 20
C to 120 C for UD carbon-fibre composites with two different epoxy formulations, namely FR-E3P and SX-435 resins. These composites are later identified as CFRP1 for the composite using FR-E3P resin and CFRP2 for that using SX-435 resin.
Details of experimental procedures for Upwind and WESNet as well as computational approaches are given below.
Experimental
For Upwind and WESNet, load controlled fatigue experiments at R ¼ 0.1 and displacement controlled quasi-static tests were performed. All experiments were carried out on servo-hydraulic test frames. However, each test campaign had some peculiarities. Materials details for both programmes are given in Table 1 .
In the Upwind programme, tests were performed at À40 C, 23 C and 60 C. At least six specimens were tested at each temperature for quasi-static evaluation. Fatigue experiments were conducted at two load levels with a minimum of five specimens tested at each level. The fatigue test frequency changed according to the load level in order to maintain an approximately constant strain energy rate as described in literature. 37, 48, 49 This precaution ensured that if any internal heat generation or cyclic creep build-up occurred, it would remain relatively uniform over all test conditions, minimizing the risk that strain rate or hysteretic effects be confounded with temperature effects. Control over the test temperature was achieved by circulating air from an external environmental chamber through the insulated test enclosure. Specimens were left standing in the test environment for a minimum of 15 minutes before the start of a test. The air and specimen surface temperatures were both monitored during the tests.
A non-standard test specimen geometry was used. The geometry is taken from the OptiMAT Blade Project and the associated OptiDAT database, 50 which used a common specimen geometry for tension and compression fatigue. This choice was made in order to eliminate potential uncertainties related to geometric effects. This geometry, referred to as R08, was used for Upwind in order to maintain consistency with results from the earlier OptiMAT Blade Project. The R08 specimen geometry is shown in Figure 2 . End tabs are bonded with epoxy paste.
Laminates were manufactured at the Knowledge Centre Wind Turbine Materials and Constructions (WMC). They were vacuum infused under rigid tooling and cured at atmospheric pressure to minimize void volume. The lower and upper mould plates were bolted together with shims inserted in between the plates to ensure a predetermined spacing based on the target v f and the areal weight of the fabric. The tooling and resin were preheated to 30 C prior to infusion. The infusion was performed at 30 C under full vacuum. After infusion, the inlet and outlet were closed and the pressure set back to ambient. The temperature was then increased to 50 C at a rate of 1 C/min and kept at 50 C for 3 h. After the first temperature dwell period, the temperature was raised to 70 C at a rate of 1 C/min and remained at this temperature for 10 h. The final cooling phase was uncontrolled. Specimens were wet-cut using a circular diamond blade.
For the WESNet programme, quasi-static and fatigue tests were performed at À40 C and 23 C on specimens that were previously vacuum dried. Quasi-static tests were performed in accordance to ASTM D 3039 51 on a minimum of five specimens per temperature condition. Fatigue tests under each temperature condition were conducted on a minimum of six specimens distributed over three stress levels. Fatigue tests were performed at a constant frequency of 5 Hz which was verified to limit the specimen hysteretic heating to about two degrees Celsius as measured on the specimen surface. Room temperature tests were performed under laboratory ambient conditions while for tests at À40 C, the specimen was installed in a test chamber equipped with a liquid nitrogen cooling system. Air temperature around the specimen was monitored and controlled via a feedback loop controller.
For WESNet, the specimen geometry was as per ASTM D 3039 for UD composites. Bevelled tabs made of 2 mm thick AE45 glass-epoxy composites were bonded using epoxy paste adhesive. The test specimens were resin infused at full vacuum. However, once the laminate was fully impregnated with resin, the vacuum level was reduced to 3/4 bar for the duration of the consolidation. This last step was meant to reduce the thickness gradient along the plate length and to minimize the volume of any remaining entrapped gases. Specimens were machined on a numerically controlled milling machine equipped with a polycrystalline diamond coated end mill and their edges were polished on water lubricated metallography polishing benches with abrasives up to 600 grit.
Computational approach
Model parameters for equation (5) are obtained by a non-linear regression using Python 2.7.6 SciPy 0.17 package optimize module's curve_fit procedure. The regressions are performed on the mean strength, but the standard deviations are also provided to the curve_fit procedure for weighting purpose. Parameters for the S u ðTÞ relationship are evaluated for materials from Upwind, 36 Sims and Gladman 1 and Cao et al. 35 As the WESNet 33 material was only tested at two temperatures, the data are too scarce to fit the model.
In their paper, Epaarachchi and Clausen 13 used trial and error to fit their model. In the present study, parameters and from equation (1) are determined by using a script that symbolically solves for the slope parameter and coefficient of determination r 2 as a function of in a linear regression of Dð, max Þ on N À 1. A least square regression method is used and the regression line is forced to zero. The script then iterates over a range of and evaluates the resulting and r 2 . The maximum value of r 2 is searched for and the associated and set is given as the solution. Values of coefficients and at reference temperature T 0 (denoted as 0 and 0 ) are first found using the aforementioned script. For all other temperatures, the condition ¼ 0 is imposed and is evaluated according to equation (8) (further identified as model ).
The quality of fit of curves predicted using model and 0 is evaluated using the coefficient of determination, further denoted as r 2 model . In order to provide a comparative basis, fatigue curves are also fitted on data at each temperature using the regression script with ¼ 0 . The output of those regression is further labelled as reg and r 2 reg . For comparison purpose, the fatigue model is fitted using both the measured static strength (S u, measured ) and the modelled static strength (S u, model ). -predicted from equation (5) -for all datasets except WESNet's. In this case experimental strength measurements are used.
Finally, in cases where the frequency used for fatigue tests under different load or temperature conditions is not constant, an average frequency is used in equation (4) and kept the same for all conditions. This is consistent with the approach used by Epaarachchi and Clausen (equation (1)).
Results and discussion S u ðTÞ predictions for Cao et al.'s 35 material
As a demonstration of the ability of equation (5) to describe the evolution of S u ðTÞ, the model has been tested on data for two UD carbon fibre-epoxy composites from Cao et al. 35 For both fits, a reference temperature of T 0 ¼ 35 C was used. The structural transition temperature used was the midpoint of the reported T g range. Thus, Â ¼ 49 C and Â ¼ 54 C are respectively used for modelling the behaviour of CFRP1 and CFRP2 materials. (5) The static model (equation (5)) is applied to data from Upwind at temperatures of À 40 C, 23 C and 60 C. In the following application, T 0 ¼ 23 C and the laminates T g ¼ 81:6 C is taken for Â. As S u data are only available for two temperatures away from T 0 , a further hypothesis is needed to fit equation (5) . Based on results for UD carbon-epoxy tested above T g published by Cao et al. 35 used previously, it is seen that a lower strength plateau is found around 2S u =3. It is thus assumed that for the composite system used for Upwind, a similar plateau is found, imposing S Ã u ¼ 2=3. Other parameters are then found to be A ¼ 0.0364, ¼ 2:60 and ¼ 1:88. Figure 4 shows the resulting strength ratio as a function of temperature.
The fatigue model parameters as found by regression and as per equation (8) are given in Table 2 . The resulting S-N curves are shown in Figure 5 , where the solid line represents the curve at T 0 and the dashed lines are predicted using S u, model and model for the relevant temperature.
It is worth stressing that in Figure 5 as well as in all further S-N curves provided, only the fatigue data at T 0 is used in the prediction while data points at other temperatures are only provided to illustrate the predictive capability of the proposed model.
As can be seen from Figure 5 , the fit of the S-N curve is very good for all temperatures. Fatigue life predictions for WESNet's 3,33 material
Additional validation of the fatigue model is provided by comparing the predicted S-N curve against experimental data at À40 C from the WESNet programme. The interest of this data set lies in the fact that -as was the case for Upwind -although quasi-static tests resulted in a substantial strength increase from 23 C to À40 C, the fatigue life in the high cycle regime was not significantly affected. However, the fibre architecture of the WESNet and Upwind laminates were quite different. The ability of the model to deal with such behaviour is therefore tested and a comparison of the resulting model parameters will be possible.
The and parameters obtained by regression and with the proposed model are given in Table 3 , while the baseline and predicted S-N curves are shown in Figure 6 . This figure shows that the baseline and predicted S-N curves are in acceptable agreement with the data. Nonetheless, it is seen that at 23 C, the S-N curve does not agree as well with the data as in previous cases. This is corroborated by the lower r 2 of 0.873. The broad scatter at low loads combined with the usual assumption of constant standard deviation used in the regression certainly contributed to the lesser fit. Yet, this latter assumption suggests that the curve should still be representative while the data could be biased at higher loads due to the low number of experiments. Considering these limitations of the WESNet data and the good fit of predictions at À40 C, the model results appear acceptable.
As noted earlier, although the fibre architecture used in WESNet and Upwind differed substantially, the same overall behaviour was observed in static and fatigue. The resulting model parameters are also comparable for both cases, although WESNet's material appears to be somewhat more fatigue sensitive as suggested by the stronger curvature of the S-N curves.
S u ðTÞ and fatigue life predictions for Sims and Gladman's 1 material
In previous validation exercises, the model was tested against results for UD laminates within relatively narrow temperature ranges. It will now be tested against data from tests on woven laminates over a broader temperature range including two transition regions (as shown by the inversion of curvature around 25 C in Figure 7 ). Application of both the static and fatigue models to the two distinct regions is required and the predictive capacity within each transition region is verified.
In a first time, the ability of equation (5) to describe the evolution of S u as a function of temperature within both regions is tested and the best fits obtained are shown in Figure 8 . It is seen that within each transition, the model is very accurate, with the curve fitting easily within one standard deviation. As a second test, the applicability of the empirical correlation of equation (8) for the prediction of is verified. Two fits by equation (8) are required because the data spans two structural transitions. The correlation between reg and model is shown in Figure 9 for each of the two fits. The first fit uses Â 1 ¼ À100 C and T 0, 1 ¼ À20 C (low temperature transition) and the second is based on Â 2 ¼ 50 C and T 0, 2 ¼ 23 C (high temperature or glass transition). It is seen that the correlation is quite good within the glass transition range, but slightly lesser in the low temperature transition.
Comparative values of reg and model , as well as other model parameters are given in Tables 4 and 5 for both transition regions. S-N curves for the low temperature transition and within the glass transition region are respectively shown in Figures 10 and 11 .
Results at low temperature presented in Figure 10 show a good agreement from room temperature down to À100 C. However, at À150 C, the S-N curve does not fit as well, particularly in the low cycle fatigue regime. It appears that at this very low temperature, the curvature of the fatigue curve would be required to increase significantly in order to provide a good fit. This suggests the current estimate might not be as good at this temperature.
From Figure 11 , it is seen that the agreement between the data and the S-N curves is quite good for temperatures ranging from 23 C up to 100 C. Therefore, for this particular laminate the proposed method is even able to predict the fatigue performance above T g . However, at À20 C the predicted life is somewhat lower than the measured life, particularly for low cycle fatigue (N < 1000). This suggests that the room temperature might not provide the best estimate of the material property at À20 C, a statement which is corroborated by the low temperature fit.
The generally good fit provided by the model validates the predictive ability of the proposed methodology for woven glass-epoxy composite loaded in tension along the fibre direction. It is also shown that in the case of materials exhibiting multiple structural transitions, minimal additional experimental efforts allow for the prediction of fatigue behaviour over very broad temperature ranges. 
General discussion
As stated earlier, many models are available for describing the fatigue behaviour of composites. However, these are not all equal in terms of quality of fit. Although measures for goodness of fit are seldom provided in the fatigue literature, some documents do include r 2 values for S-N curves or CLDs (which can be seen as an extension of the S-N formulation over multiple load ratios R). For example, the 57 fits found in Boisseau et al., 52 Corum et al. 53 and
Vassilopoulos et al. 54 have coefficients of determination in the range of 0:15 r . From these results, it is seen that because of the inherent variability in the durability of composites subject to fatigue and because of small datasets usually used for fatigue research, relatively low coefficients of determinations may be expected.
In the current work, the model by Epaarachchi and Clausen was selected as a baseline for further development. With r 2 ! 0:999 obtained for two out of the three Knowing that the baseline S-N curves are in good agreement with experiments, the fit of predicted curves can be evaluated. Nine out of the 10 S-N curves predicted at various temperatures have r 2 4 0:85 and the lowest fit obtained is r 2 ¼ 0:737 for woven laminates at À150 C. Thus, the goodness of fit for the proposed model also compares favourably with results from the literature and offers predictions that are at least as good as the average model from the literature which would have been fitted a posteriori to the data.
It is worth noting that predicted curves appear mostly conservative in their low-cycle fatigue life assessments. However, the prediction for the woven laminate at À150
C is definitely biased towards longer lives in the high-cycle fatigue regime ( Figure 10 ). Comparison of between the two fits on Sims and Gladman's data as well as the behaviour of the curve at À150 C suggest that as the temperature goes down, the value could be expected to increase. This would be an indication that as the temperature is lowered, the difference between low-cycle and high-cycle fatigue behaviour gets more important.
The applicability of the proposed scheme is also corroborated by a comparison of r 2 reg and r 2 model . For most predicted curves, the fit is only slightly worse than that of the best fit obtained by regression on the data. Unexpectedly, it appears that predictions at low temperatures may be somewhat weaker than those for high temperatures, although still quite satisfying. This might be attributed to changes in failure modes or to shrinkage stresses effectively altering the fatigue stress ratio, two phenomena that are not accounted for in the model.
As the value of r 2 alone may not be a sufficient indication of a model quality of fit, a plot of measured versus predicted lives for all test conditions is provided in Figure 12 . In such a figure, points falling on the 45 line represent a perfect prediction from the model and the farther away from this diagonal a point is, the less accurate the prediction. In Figure 12 , it is seen that of the 160 points used in the analysis, the model predicts a fatigue life within AE1 decade of the measured one at a rate of 99.4% and within AE0:5 decade for 96.9% of the data. An accuracy within AE0:25 decade is even reached for 73.1% of the data. Considering the important scatter of fatigue data, such a level of accuracy in the prediction is very good.
The fit on results by Sims and Gladman 1 for which exact transition temperatures were unknown also suggest that both T 0 and Â to be used in equation (6) can be chosen arbitrarily within a structural transition and the model should perform adequately. Thus, although a transition temperature such as T g seems like a natural candidate for Â, it is not a requirement of the model.
Finally, Eftekhari and Fatemi 16, 22 have used the model by Epaarachchi and Clausen 13 -which is also the basis of the current work -in order to predict the effects of frequency and temperature on several neat, talc filled or short glass fibres reinforced thermoplastics. In these papers, they found that Epaarachchi and Clausen's model provides a good fit on experimental results and used a Larson-Miller type relationship to account for viscoelastic effects that were present at higher temperatures or lower load rates. A notable result from their research is that a single parameter set of ¼ 0:135 and ¼ 0:2 was reported to provide a good fit for all the materials they tested. It is interesting to note that the values of obtained in the current paper are close to that of Eftekhari and Fatemi. This suggests that in the absence of other information, a value of ¼ 0:2 might be useful for preliminary analysis or as a starting point in the optimization of model parameters. On the other hand, the use of a constant does not appear to be a valid approach for long glass fibre reinforced thermosets as studied in the current paper. This is based on the fact that for all cases investigated here, is shown to vary by more than 50% within a single transition region. Therefore, using a constant would result in the use of an arbitrary value of the parameter (e.g. that from room temperature or an average over an arbitrarily chosen temperature range). For example, using the room temperature value of for modelling the behaviour of Upwind's or Sims and Gladman's materials respectively reduces the resulting r 2 from 0.934 to 0.719 and from 0.982 to 0.652. Such reductions in the quality of fit are strong arguments against the use of a constant in the case of long fibres reinforced thermosets, except as a very crude preliminary estimate.
Statistical considerations
Variability is an inherent property of the fatigue process in composites, and thus the statistical treatment of fatigue data is of paramount importance. It is often the case with strength degradation fatigue models to assume a distribution of S u and to relate the expected fatigue life to this distribution. This is done by finding the inverse function of the life N as a function of S u and then obtaining the fatigue life distribution through a change of variable in the SF or CDF of S u . Description of such a procedure is given in the work of Yang and Liu 55 or Sendeckyj. 27 However, the model by Epaarachchi and Clausen 13 -which is the basis of the current paper -happens to be of a high order and is thus not invertible analytically. Nevertheless, since equation (4) is an increasing function of S u over the range of interest (N > 1 and max S u ), it has a unique inverse and the problem can be solved numerically. A general algorithm for obtaining the life N for a given maximum cyclic load max and probability of survival is shown in Figure 13 . A probabilistic stress-life (P-S-N) fatigue diagram can then be created by iterating the algorithm over a range of max .
In the current work, the distribution of S u was assumed to be normal and the S-N curve was obtained with a least-square linear regression. The normal distribution was used for the sake of simplicity and because some data from the literature were only available as normal distribution means and standard deviations. Moreover, most sample sizes were too small to provide unbiased estimate of Weibull distribution's parameters.
A Python 2.7.6 script was used to numerically solve the inversion problem. The interp1d method from the scipy.interpolate module (SciPy 0.17) was used to invert the NðS u Þ relationship and the cdf method of the norm function from the scipy.stats module was used to recreate the transformed CDF. The method is applied to the Upwind reference data at 23 C to demonstrate its functionality and the results are shown in Figure 14 . The baseline S-N curve as well as those at 95% and 99% probability of survival are shown. Estimates at 50% survival are also shown to demonstrate that they are equivalent to the baseline curve.
For establishing a P-S-N curve at other temperatures, one would only need to use parameters from the distribution of S u at the desired temperature and the predicted fatigue model parameters (instead of running the linear regression). With this approach, it is possible to evaluate the S-N curve at any probability of survival and for any temperature given that the static life distribution parameters are known at those temperatures. However, the work of Christensen and Myiano 56 demonstrated both analytically and experimentally that scatter in fatigue life should not change with temperature. One could then estimate the fatigue life at any temperature and for any percentile of survival using the reference condition static strength distribution if no other information is available.
Finally, despite the fact that a constant variance normal distribution was used to model S u and to obtain fatigue model parameters through linear regression, this distribution might not provide the best description of S u and fatigue scatter. Although it is adequate in the current research context, applications where a given reliability is targeted would require validation of the distribution choice (e.g. log-Normal or Weibull) and analysis with the associated statistics on larger samples.
Conclusions
Prediction of fatigue life of composite materials has challenged material scientists for decades. Part of the difficulty lies in the combination of conflicting requirements of versatility, often translating into complex models, and that of minimal experimental efforts in order to determine model parameters. Although major advances have been made, challenges such as that of accounting for the influence of environmental factors on fatigue life remain. The current work aims at providing a model for predicting fatigue life of glass fibre reinforced polymer composites loaded in tension along the fibre direction at any temperature, while requiring only minimal experimental efforts. The procedure is based on two empirical formulations respectively describing the evolution of S u and of a single fatigue model parameter with temperature. The experimental requirements for obtaining all of the parameters required by the method are limited to tensile strength tests at a minimum of four temperatures and fatigue data at one temperature.
It was shown that the proposed static strength model provides a very good description of that material property within a single structural transition (e.g. the glass transition) for the four materials on which the model was validated. Application of the fatigue model to results from three earlier independent research projects showed that the predicted S-N curves are in good to excellent agreement with experiments over a range of more than 100 C. It was also shown that for material exhibiting multiple structural transitions, the model could be applied separately within each transition and provide good results, at the expense of requiring additional fatigue data at one temperature within each transition. A method for obtaining probabilistic fatigue life estimates based on the static strength distribution is also provided.
However, as mentioned earlier, versatility is a desirable characteristic for a fatigue model. In this regard, the proposed model would still need to be validated for composites using different reinforcement materials and matrix systems. Moreover, it is likely that further adjustments would be required to generalize the model to other fibre orientations. Nonetheless, it is believed that the relative simplicity of the proposed method combined with its ability to predict fatigue life over a wide range of temperatures with minimal experimental efforts make it particularly attractive.
